We formulate a general theory to study the time-dependent charge and energy transport of an adiabatically driven quantum dot in contact to normal and superconducting reservoirs at T = 0. This setup is a generalization of a quantum RC circuit, with capacitive components due to Andreev processes and induced pairing fluctuations, in addition to the convencional normal charge fluctuations. The dynamics for the dissipation of energy is ruled by a Joule law of four channels in parallel with the universal Büttiker resistance R 0 = e 2 /2h per channel. Two transport channels are associated to the two spin components of the usual charge fluctuations, while the other two are associated to electrons and holes due to pairing fluctuations. The latter leads to an "anomalous" component of the Joule law and take place with a vanishing net current due to the opposite flows of electrons and holes.
I. INTRODUCTION
Time dependent transport at nanoscale is a prominent tool for probing electronic dynamics at very low temperatures. A prototypical instance is found in on-demand single electron sources in which individual electron and hole charges are perfectly emitted. 1 The simplest device that works as a quantized emitter is a quantum capacitor, which consists of a single-level quantum dot tunnel-coupled to an unique reservoir. In such a case only a purely AC current response is possible when the dot gate is electrostatically influenced by an AC voltage source. [2] [3] [4] [5] [6] [7] Working in a range of frequencies of GHz (Ω) and at sufficiently slow AC amplitudes (V g ) this setup behaves as a RC circuit that for the quantum regime exhibits the peculiarity that relaxation processes are featured by an universal quantized resistance R 0 = h/2e
2 . [2] [3] [4] The quantum analogue to the classical RC circuit is now done by replacing the geometrical capacitance by a quantum capacitance which is proportional to the density of states of the localized level.
Conductance quantization is observed in the stationary regime as a signature of ballistic transport due to the lack of backscattering events. 8, 9 In a quantum capacitor operating in conditions where many-body interactions do not play a role, the resistance quantization is attributed to a particular behavior of the dwell time. R 0 is universal because the mean value for the square of the dwell time coincides with the square of its mean value. For interacting systems under AC driving charge relaxation processes are dictated by the correlation function of the electron-hole excitations which are proportional to the available density of electron-hole pairs or, equivalently, to the charge susceptibility. [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] In that case, there is a relaxation resistance R 0 per spin channel and such universality resides in the fullfilment of the Korringa-Shiba relation. 15, [19] [20] [21] The latter holds for systems that behave as Fermi liquids, which to some extend behave as noninteracting systems with renormalized parameters. Besides, a different quantization phenomenon in a quantum capacitor is observed, depending on the way in which the AC amplitude is increased beyond linear response. [5] [6] [7] [22] [23] [24] [25] [26] [27] [28] Such quantization has potential metrological applications and is suitable for quantum computing designs. Most of the studies on quantum RC circuits belong to the linear regime being the nonlinear regime less investigated. In particular, few studies have been reported in the interacting system beyond linear response. [28] [29] [30] [31] In the nonlinear regime, it is not obvious how to extend the concept of relaxation resistance, because the analogy to the classical circuit is not necessarily valid. Resistive behavior is related to dissipation of energy. Hence, the analysis of the energy transport and heat production in parallel with the charge transport in these systems is a natural strategy. In a recent work, it was shown that a non-interacting quantum dot driven in the adiabatic regime obeys an instantaneous Joule law with an universal resistance R 0 per transport channel. [42] [43] [44] [45] For an interacting quantum dot described by the Anderson impurity model, the fact that the instantaneous susceptibility satisfies Korringa-Shiba law, ensures the validity of the same universal instantaneous Joule law. When a magnetic field is included in this model for the interacting quantum dot, the Joule law is not satisfied separately for each spin channel but it is satisfied by the effective resistance of the two spin channels considered in a parallel circuit configuration.
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A very interesting generalization of the RC circuit is to consider a configuration where the capacitive elementthe quantum dot-is not only connected to a conducting lead but also to a superconducting one. DC transport in setups containing a quantum dot embedded in a normalsuperconductor (N-S) junction has been widely investigated theoretically and also experimentally. [32] [33] [34] [35] [36] Pumping induced by AC driving in quantum dots in N-S junctions has also been investigated. [37] [38] [39] However, only recently RC configurations and time-dependent transport induced by a single driving potential at the quantum dot in these structures have been studied. 40 The extra ingredient that the N-S coupling brings about is the conversion of electron-hole pairs into Cooper pairs between the two leads because of the Andreev processes, 41 along with induced superconductivity at the quantum dot. The aim of the present work is to explore the impact that these effects have in the interplay between the charge and the energy dynamics of such hybrid RC setups. A sketch of the setup is shown in Fig. 1 . We will focus on the adiabatic regime, where the period of the driving gate voltage is much larger than any characteristic time for the electrons in the quantum dot and both leads are at temperature T = 0. We will show that Andreev processes introduce an additional contribution to the quantum capacitance, C And (t), induced by the coupling to the normal lead, C N (t), while the induced pairing due to the coupling to the superconducting lead can be represented by an anomalous capacitanceC(t). The latter describes the simultaneous fluctuations of electrons and holes associated to the fluctuation of the induced pairing, as a response to a variation of the gate voltage. Each of these capacitances depend on time in the regime where the amplitude of the driving voltage exceeds the range of linear response. The concomitant energy conversion can be described by an instantaneous Joule law. The latter is a generalization of the Joule law of Refs. 42-44, where, in addition to the contribution of the two spin channels, there is an anomalous component due to the disruption and formation of the induced pairing at the quantum dot. Unlike the former contribution, the latter takes place without a net charge flow, since electrons and holes generate currents in opposite directions. The corresponding processes can be represented by the circuit of Fig. 1 . The paper is organized as follows. In section II we present the model. Section III contains the equations ruling the charge and energy dynamics, including the introduction of the adiabatic regime and the Green's function treatment to calculate the relevant time-dependent observables. The instantaneous Joule law is derived from the quantum-dot dynamics in Section IV, while in Section V we show that the associated heat flows entirely into the normal lead. In Section VI we present some results that illustrate the behavior of the different components of the capacitances and the different components of the Joule heating. Finally, summary and conclusions are presented in Section VII.
II. MODEL
We consider a single-level quantum dot that is tunnel-coupled to both, a superconducting (S) and normal (N) reservoirs. The quantum dot is under the action of an oscillatory timedependent gate potential V g (t) = V 0 sin(Ωt). The full set-up is described by the Hamiltonian,
The first term describes a single level quantum dot
where d † σ is the creation operator for an electron on the dot with spin σ =↑, ↓, and n dσ denotes the occupation operator for spin σ. ε d,σ is the energy of the dot level, which is modulated by V g (t). The normal reservoir is described by a free-electron Hamiltonian
in which kN is the energy dispersion relation and k the wavevector, c kN,σ is the destruction operator for an electron in the normal reservoir with spin σ. The electrochemical potential for the normal contact is represented by µ N . The superconducting reservoir is described by a BCS Hamiltonian of the form
where ∆ denotes the s-wave pairing potential. The coupling between dot and reservoirs is
Here, w α is the tunneling amplitude that connects both, the normal reservoir with the dot and the superconducting contact with the central site. We focus on the transport induced purely by the AC driving applied at the quantum dot, without any additional voltage bias applied at the leads. For simplicity, we consider µ S = µ N = 0.
III. CHARGE DYNAMICS AND DISSIPATION
In this section we formulate the equations describing the charge and energy dynamics of the full system. In the forthcoming sections we will analyze the problem from two complementary perspectives, (i) we calculate the dot charge dynamics and the dissipated power in the adiabatic regime and we will show that both quantities are related by means of an instantaneous Joule law with a constant and universal resistance. Such relation follows from a circuit description in which quasiparticles and pair generation events run in parallel (see Fig. 1 ).
(ii) Secondly, we will focus on the case where the chemical potential lies within the gap of the S reservoir. Under these conditions, we calculate the heat flow at the normal contact and the charge current flow at the same lead. Again, we show a relationship between these two quantities given by an instantaneous Joule law. Remarkably, we arrive at this conclusion by evaluating the heat flow at the normal contact considering the contribution from the tunneling barrier, the energy reactance.
42,45
A. Charge and energy dynamics of the quantum dot
The quantum dot charge dynamics determines not only the charge current but also the amount of dissipated energy in the hybrid setup. Such dynamics is governed by a conservation law for the electrical charges. In this respect, the flow of charges across the quantum dot fullfils
is the change in the occupation of the dot at time t corresponding to the spin σ and e > 0 the electron charge. The charge currents flowing into the normal (N) and superconducting (S) leads are computed from the Heisenberg relation, they are respectively,
with α = N, S and N α = kα,σ c † kασ c kασ being the occupation operator for the normal and superconducting contacts. The power supplied by the ac source is converted in electrical work done by the electrons at a rate
This power equals the total heat production rate at time t,
B. Spacial distribution of the heat flow
As explained in Refs. [16] , [43] , [44] , the heat flow is instantaneously distributed in the different parts of the device, i.e., at the contacts, central site and tunnel junctions, as followṡ
where
is the energy rate change at the reservoirs α ∈ N, S , and the corresponding contacts. The change of the energy at the central site isĖ
In Ref. 42 , it was shown that, for a quantum dot connected to a normal lead, the most meaningful definition of the heat flux into the lead α is the one including the so-called "energy reactance", J E cα (t)/2 that is half of the energy rate change at the tunneling barriers. The latter represents the energy that is temporarily stored or emitted at the tunneling barrier. We adopt that definition and write the heat flux into the lead α as followsQ
In the case of a dot connected to a single normal lead, the reactance ensures the validity of the second law of thermodynamics in the adiabatic regime, [42] [43] [44] it gives a proper description of the AC heat current spectrum in the linear response regime 16 , and also of the transient dynamics. 46 Similarly, we can define the heat flow into the quantum dot 43, 44 aṡ
Notice that, by substituting these definitions in Eq. (10) and
which is, precisely, Eq. (9).
C. Adiabatic dynamics
We now focus on the so-called adiabatic regime, where the AC time is much longer than any other associated time scale for the setup. In this respect, the electron tunneling processes occurs many times in a AC time period. For the description of the quantum dot dynamics in this regime we follow Refs. 31 and 47, where the quantum dot occupation is split in two contributions up to linear order inV g (t). The adiabatic evolution of the occupancy of the quantum dot is given by
where n f d,σ (t) ≡ n dσ t is the snapshot occupancy of the dot, evaluated with the exact equilibrium density matrix ρ t corresponding to the Hamiltonian H(t) frozen at the time t. The correction is linear in both the time variation of the AC amplitude and, equivalently, in the AC frequency Ω. As a result of this expansion for the dot occupation one can show that the power developed by the AC source has a purely AC (Born-Oppenheimer) component P cons (t) associated to the reversible heat produced by the conservative forces, and a dissipative component P diss (t) with a non-zero time average. The last term of Eq. (16) is associated to the frictional (dissipative) component of the force. In fact, by substituting Eq. (16) into Eq. (8) we find
with
When performing the averages over one period τ = 2π/Ω
for these two contributions to the power we can verify that P cons = 0 and P diss ≥ 0, as expected. We will analyze the adiabatic dynamics of the charge and energy at quantum dot and also the adiabatic regime of the charge and energy currents flowing in the normal leads. The latter can be carried out by recourse to non-equilibrium Green's function approach, as explained below.
D. Green's function approach
We present the general expressions to calculate the relevant time-dependent mean values of the observables defined in the previous sections by using the nonequilibrium KeldyshFloquet Green's function formalism following Refs. 48 and 49 but now generalizing to the Nambu basis.
One of the observables we are interested in is the occupation of the quantum dot. In order to evaluate it, the starting point is the definition of the occupation matrix, with elements
which is defined from those of the lesser Nambu-Keldysh lesser Green's function matrix
Here the upper (lower) signs correspond to spins ↑ and ↓, respectively, while σ denotes spin orientation opposite to σ. Particularly important for our purposes are the matrix elements
which define, respectively, the population of the dot with electrons with spin σ and with pairs induced at the quantum dot by proximity to the superconducting lead. The lesser Green function matrixĜ
Green functions of the dot whileΣ < (t 1 , t 2 ) encodes the coupling self-energy for the dot-reservoir. The Fourier transform for the coupling self-energy readsΣ
andΓ(ε) = −2Im Σ S (ε) +Σ N (ε) which are the coupling self-energies for the normal and superconducting contact and f (ε) = 1/[1 + exp βε] is the Fermi-Dirac function with β = 1/k B T being T the temperature, and k B the Boltzman constant (we recall that we have assumed µ N = µ S = 0). Another observable we need is the charge current at the normal lead, which can be expressed in terms of Green's functions as follows
Similarly, the two terms of Eq. (14) defining the heat flux into the N reservoirQ N (t) can also be expressed in terms of Green's functions
Since the retarded and advanced dot Green functions depend on two times it is convenient to work in the mixed representationĜ (27) where in terms of Fourier components readŝ
Similarly, the AC electrical field reads as follows in the Fourier representation,V(t) = n 0
HereV ± n are matrices in Nambu space with non-vanishing matrix elements, respectively,
(29) Finally, the Fourier-transform in t − t 1 of the Green's function obeys the Dyson equation 
The explicit solution to this equation readŝ
−1 is the frozen dot Green's function.
The frozen dot Green's function
The frozen Green's function corresponds to the equilibrium problem defined by the Hamiltonian frozen at the time t. It can be directly calculated by the equibrium Dyson equation
We recall thatΣ N is the self-energy describing the coupling between the quantum dot and the normal reservoir and the matrixΣ S describes the coupling to the superconducting one. In analogy to Eqs. (22), we define the frozen occupation matrix, with elements [n f,σ (t)] i j = −i[Ĝ < f,σ (t, t)] i j , where the lesser Green's function matrix satisfieŝ
In our calculations, we will use the following matrix elements, which define the frozen occupation of the quantum dot by particles and by induced pairs
The simplest model for the reservoirs corresponds to a constant density of states for the single particle energies. This results in the following self energy for the normal lead
Similarly, the self-energy for the superconducting lead readŝ
Within this model for the self-energy, it is easy to show that the Green's function satisfies the properties presented in Appendix (A). In order to get explicit expressions we follow Ref. [50] . We name Ĝ r f,σ (t, ε)
11
= − Ĝ r f,σ (t, −ε) *
22
= G(t, ε) and Ĝ r f,σ (t, ε)
12
= Ĝ r f,σ (t, ε) *
21
= F(t, ε). In this case we get
where we have defined an effective self-energy Σ eff (t, ε) = Σ G (ε) + Σ F (ε) 2 g(t, ε) with the help of
and g(t, ε) = 1/[ε+eV g (−t)+Σ G (−ε) * ]. Finally, the anomalous propagator reads
IV. INSTANTANEOUS JOULE LAW FOR THE DOT DYNAMICS
Introducing the adiabatic expansion of the Green's function of Eq. (32) into the definition of the occupation of Eq. (20) we can identify the two contributions to the adiabatic dynamics of the occupation of the quantum dot. The frozen contribution is determined from the frozen Green's function. Conveniently, we defineρ
in terms of which the frozen occupation matrix reads
The coefficient of the linear contribution inV g of Eq. (16) becomes
. (43) Notice that in the last step we have integrated by parts and used Ĝ f (t, ε)
, which implies ρ f,σ (t, ε)
. Hence, this coefficient can be split in two components as Λ σ (t) = Λ 11,σ (t) + Λ 12,σ (t) being at zero temperature
Now we evaluate the dissipative power from Eq. (18) by using Eq. (44) . We see that this quantity also has two components, associated to those of Λ σ (t). We will show below that the component related to Λ 11,σ (t) follows a normal instantaneous Joule law and we name it P N Joule (t), while the one related to Λ 12,σ (t) is namedP Joule (t) and follows an anomalous Joule law,
In order to make the Joule law explicit, we proceed to relate the two components of the dissipative power Eq. (45) (t) ). This leads to the purely AC charge current which reads
. (47) Here we can identify the non-linear capacitance of each spin channel C σ (t) = e∂n f dσ (t)/∂V g . In addition, the dynamics of the charge and heat involves the dynamics of the induced pairs at the quantum dot by proximity to the superconductor. The latter is η f d↑
The corresponding charge fluctuation reads
where the upper (lower) sign corresponds to σ =↑, ↓, respectively. Importantly, we get two contributions with opposite sign in (48), which reflects the fact that a pair fluctuation implies a simultaneous flux of electrons and holes. As a consequence, the net induced current between dot and reservoirs vanishes, although the process leads to energy dissipation in the form of a Joule law for the electrons and for the holes.
Notice that each of the contributions ∂η f dσ (t)/∂V g can be positive of negative, depending on the occupation of the quantum dot. However, as they have opposite sign, the net contribution cancels when they are added. For this reason, we find it convenient to define the "anomalous capacitance" as C(t) = e|∂η f d↑ (t)/∂V g | and redefine the induced-pair charge fluctuations as
which satisfies σ dq dσ (t)/dt = σ dq η dσ (t)/dt = 0. In order to compute the capacitances we evaluate the dynamics of the dot charge at first order inV g (t). Then, starting froṁ
and comparing Eq. (50) with Eqs. (47), and (49) in the zero temperature limit we find
The dot charge dynamics [see Eq. 
with a constant and universal quantum resistance R 0 = h/2e 2 . While in the first term of Eq. (52) the label σ represents fluxes of charges with different spin components, in the second term it actually represents the two opposite charges for the electrons and the holes. We notice that the above dynamics can be described by the circuit sketched in Fig. 1(b) , which corresponds to a generalization of the RC circuit of a driven quantum dot connected to a normal reservoir. There are four different channels that run in parallel, each channel has its own capacitance. We will see that the normal capacitance C σ (t) has contributions associated to normal transport as well as to Andreev processes, while the anomalous capacitance accounts for the induced Cooper pair fluctuation. The latter process involve opposite currents of electrons and holes, which do not produce any net current. Each of these channels dissipate energy in the form a Joule law with the universal Büttiker resistance R 0 . This result holds for arbitrary amplitude of the driving potential provided that the driving frequency is low enough and the reservoirs have T = 0.
V. INSTANTANEOUS JOULE LAW AT THE NORMAL CONTACT
We recall that we are considering the chemical potential within the superconducting gap. This regime is interesting because the heat flux to the superconducting reservoir vanishes, which means that the dissipated energy flows only into the normal lead. In this situation we can get analytic expressions for the currents into the normal lead in the adiabatic regime. Our aim now is to verify that such heat flux also obeys an instantaneous Joule law with Büttiker universal resistance R 0 . We follow Refs. 48 and 49 to derive the charge and heat flow at the normal contact in the adiabatic approximation. Details are presented in Appendix B. We arrive at the expression for the heat current up to second order inV g (t) (equivalent to up to O(Ω 2 ). Such flux comprises two different contributionṡ
N (t) is first order in the AC frequency Ω and vanishes at zero temperature. The other term is the second order contribution and reads for the zero temperature limiṫ
Notice that Eq. (54) is, precisely, the dissipated power P Joule (t) given by Eq. (45) . This result implies that the dissipative power coincides with the heat flow expression in the normal contact. Besides, it is important to emphasize that such heat current at the normal lead has been computed considering the contribution of the energy reactance, see second term of Eq.
. Finally, we calculate the expression for the charge current at the normal electrode at zero temperature which is calculated from Eq. (7) and it reads
. (55) This again confirms the instantaneous Joule law [cf. Eq. (54) and Eq. (55)]. Therefore, the analysis of the fluxes in the normal lead confirms the description of the dissipation in our setup in terms of a circuit composed by two parallel subcircuits, each of them corresponds to a RC circuit composed by the usual capacitance C and R 0 and the anomalous capacitanceC and again R 0 , respectively. The circuit picture reflects the fact that the normal reservoir effectively receives the charge flowing through all the resistive elements depicted in Fig. 1(b) that comes from (i) the normal transmission, (ii) the Andreev processes and finally (iii) the Cooper pair fluctuation. All these transport events are the result of quasiparticle excitations that lead to energy dissipation. In the next section we will analyze these contributions in more detail.
VI. ANALYSIS OF THE CAPACITANCES AND THE DISSIPATED POWER
We now show results illustrating the behavior of the capacitances, which determine the behavior of the charge and heat currents between the quantum dot and the reservoir. 
We identify them to normal (C N ) and Andreev-type processes (C And ). They can be expressed in terms of the Green functions and self-energies previously defined [see Eq. (38)], as follows
Notice that the normal contribution is directly related to the normal part of the spectral function and exactly reduces to the capacitance of the quantum dot connected to a single normal lead in the limit of vanishing coupling to the superconducting one. Instead the contribution C And (t) is proportional to the coupling to superconducting the lead and involves high order scattering processes, characteristic of the Andreev reflection. The anomalous capacitance isC
The latter is proportional to the absolute value of the spectral function of the anomalous Green's function [see Eq. (40)], which is positive (negative) for V g (t) > 0 (V g (t) < 0). The behavior of the different capacitances is illustrated in Fig. 2 . Two different cases are shown, namely, the superconducting dominant case when Γ S > Γ N (left panel in Fig.  2 with Γ N = Γ S /4) and when both tunnel couplings are equal Γ N = Γ S (right panel in Fig. 2 ). In the simplest situation where the quantum dot is coupled only to the normal electrode and without driving, there is a single level at the Fermi energy µ N = 0. The additional coupling to the superconducting electrode induces local pairing correlations in the quantum dot. Then, the original single dot level splits into two Andreev quasiparticle states in which the magnitude of the splitting depends on the relative value of Γ S /Γ N . Since the behavior of the capacitance is determined by the spectral properties of the quantum dot, these features are clearly identified in Fig. 2 . In fact, for the superconducting dominant case the dot spectral density exhibits a larger level splitting in comparison to the case where both lead-dot couplings are similar. As a function of time, the gate voltage moves upwards and downwards. The Andreev quasiparticle energy levels and the capacitances have weights when the dot spectral functions have weight at the Fermi energy µ = 0. Besides, we observe that the normal capacitance C N (t) follows the profile of the Andreev levels, while the capacitance associated to Andreev reflection processes shows an additional weight between the two Andreev peaks. We observe that the anomalous capacitance follows the spectral features of the anomalous Green function with resonances at the Andreev quasiparticle states. Besides, the anomalous Green function changes sign every time that V g (t) = 0, henceC(t) = 0 at those times. Every time C(t) andV g (t) are finite, a charge current establishes between the quantum dot and the normal lead. This current has normal and Andreev components for each spin component leading to a net flux
This flux leads to dissipation of energy following the Joule 2 .
The contribution due to the fluctuation of the induced pairing leads to opposite particle and hole fluxes described by Eq. (49) and has an associated net vanishing current,
This process contributes, however, to the dissipation of energy, in the form of an anomalous Joule law
The different contributions to the dissipated power are shown in Fig. 3 . Both contributions are peaked at the times where the energy levels of the Andreev states get aligned with the chemical potential of the leads. Due to the contribution of the Andreev capacitance, there is a finite current and Joule dissipation in the time intervals between these peaks in P Joule (t). The anomalous dissipationP Joule (t) due to the disruption or formation of induced pairs vanishes exactly at the center of the gap between the pair of Andreev peaks.
VII. CONCLUSIONS
We have investigated the charge and energy dynamics of a driven quantum dot in contact to superconducting and normal leads. We have focussed on the adiabatic regime, relevant for low frequency driving, with reservoirs at T = 0. We have derived the dissipative power from (i) the dot charge dynamics and equivalently from (ii) the heat flow at the N contact that accounts the reactance contribution from the tunneling barriers. Besides, the charge current is calculated from (i) the time derivative of the dot charge and from (ii) the charge current flow exiting the normal contact. For both cases a dynamical Joule law is established leading to an universal nonlinear charge resistance R 0 = h/2e 2 . In this scenario we have shown that the Joule dynamics law may be described in terms of the RC circuit of Fig. 1(b) . According to Fig. 1(b) the capacitance C takes into account the normal and Andreev processes whereasC accounts for the generation of pairs. Remarkably, the current due to the pair generation vanishes as a result from the cancellation of electron and hole flows. However, it is important to highlight that such pair fluctuation processes contribute to the heat dissipation through an instantaneous Joule heating.
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